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Abstract

In this paper, we study a type of biological population model in its fractional order using the g-Laplace
homotopy analysis method. This method, which combines the Laplace transform, g-calculus, and
the homotopy analysis method developed by Shijun Liao in [11], is employed to provide approximate
analytical solutions to the biological population model. Furthermore, we illustrate the dynamical
behavior of this model graphically.

1 Introduction

Dynamical systems are mostly modeled using partial differential equations (PDEs), and many research
work have focused on nonlinear PDEs in their integer and non-integer forms in recent years. The main
reason for the use of non-integer differential equations for modeling is due to their widespread applications
in different areas of science and engineering especially electrochemistry, acoustics, electromagnetic,
viscoelasticity chemical processes, physics, material science, engineering, and biology [!,2]. Fractional
derivatives in differential equations allows for the consideration of a function’s past behavior across a

range of values instead of only its present state [I,2].

Solving non-integer order differential equations can be a daunting task and this is why the past few
years have also seen the advent of different methods for their solutions. [16-15], especially [18], contains
list of methods that have been deployed over the years for non-integer differential equation and they
include: Adomian Decomposition method, homotopy analysis method, homotopy perturbation method,

and so on.

In this article, we will provide approximate analytical solutions of the biological population model

with fractional order using g-Laplace-homotopy analysis (QLHAM) approach, where Laplace-Homotopy
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analysis method is a combination of Laplace transform and the homotopy analysis method. The concept
of g-deformation plays a significant role in the study of dynamical systems, particularly in how symmetry
can be disrupted. In these systems, the fundamental symmetry present in their equilibrium state may

not hold, leading to intriguing behaviors and characteristics.

The g-deformed equations, characterized by the deformation parameter ¢, modify traditional algebraic
structures, introducing a rich framework for analysis. These equations find applications in various
physical contexts, enabling the description of particle behavior, field dynamics, and interactions where
noncommutative geometry or quantum group symmetries are relevant. By manipulating the value of ¢,
researchers can explore different regimes of a system, revealing insights into phenomena that may not be
observable within the conventional frameworks. This approach has opened new avenues for understanding

complex systems in areas such as quantum physics, statistical mechanics, and beyond.

2 Biological Population Models

The term population refers to people living within a political or geographical boundary, but in the
biological sense, it is a collection of organisms of a particular species that share the same characteristics
living in a given area. With this definition we can derive a simple population model considering birth and
death within the area as:

r=(b—d)+ (i —m), (2.1)

where b is birthrate; d, death rate; m, movement out of area (i.e., emmigration) and i is the net
immigration. Assuming the population grows without limits at its maximal rate, the mathematical

model is defined by:

dN

E = TZ'N, (22)
where IV is the total number of individuals in the population, % is the rate of change of N over time t,

and r; is the innate capacity for growth. Solving (2.2) using separation of variables, we have
N = Nye"it, (2.3)

where Nj is the initial population, and €™ is the exponential function defined by:

(o]
, )M rit)? rit)3
emzz(fn{ :1+(m)+(’2,) +(§,) +.. (2.4)
2 . |

It is not the scope of this work to work on which model best suit a population, our aim is to point out
some parameters that are available in most population model and apply them to this work. Interested
readers may find a lot of introductory text that touches more on this and extends to more realistic models

like the Logistic model, Lotka-Volterra model, species-area relationship, and so on.
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If we let v and 7n(7) be functions of time ¢ and position x,y in a region R of a biological specie in R
with v and 7 representing population density and population supply due to births and deaths respectively

in the nonlinear biological population model [4]:

0% 0?2 0?2
WZ:@(V%JF@(VQ)JFU(V), 0<a<l, zyeR t>0 (2.5)

with initial condition y(z,y,0). When o — 1 in (2.5), the following are mathematical explanations of

some biological processes for n(~):

1. n(y) = ¢ leads to the Malthusian Law [19], where ¢ is an arbitrary constant.
2. n(y) = v(c1 — c2y) leads to Verhulst Law [19], where ¢1,c2 > 0.

3. n(y) = —cyP, where ¢ > 0 and 0 < p < 1 leads to Porous Media.

Note that the fractional derivative (;% = D¢ is described in the Caputo sense, which is defined in [1,2,20]

as:
1 try,  ym—a—1¢£(m) : _
t—T1 T)Ydr, ifm—-—1<a<m,
Dpf(t) = § T JoE =T (26)
f(m) (), ifa=meN,
where f(™)(t) denote agt—{,@ and I" is the Gamma function defined as
o
I'(m) = / e ttmLa, (2.7)
0
which generalizes the factorial in the form:
Fm+1)=m! (2.8)
The Caputo derivative has the following properties [1, 2, 20]:
1.
Df'c =0, cis a constant,
2.
Dagm 0, m<a<l,
= T(m+1) m—
mtm a, m > o — 1.
3.
m—1
LADEf(t)} = sk B OY), m—1<a<m, meN. (2.9)
k=0
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The Laplace transform of Caputo fractional derivative requires the knowledge of the initial values of the
function and its integer derivatives of order k = 1,2,...,m — 1 [2], and when a € (0,1] i.e. 0 < a < 1,
(2.9) it is given by

LAD]f(t)} = s%f(s) — f(0F)s* 71 (2.10)

3 The g-Laplace Homotopy Analysis Method

Given the fractional differential equation
Diy(x,t) + B(y(z,t) + N(v(z,t)) =n(z,t), t=0, n—1<a<n, (3.1)

with the initial condition:
v(,0) = a, (3.2)

where D{* is Caputo’s derivative, B is a linear differential operator, A/ is a nonlinear differential operator,
f is the source term and ~ is the unknown function. By applying the Laplace transform in the variable
t, denoted Ly, to both sides of Eq.(3.1) we get

11'0

SO(

Li[y(z,t)] - $* 710 (2,0) + Siaﬁt[l?(v(% t)) + N(y(z,t)) — n(z,t)] = 0. (3.3)

o

-1

Using the initial condition (3.2), then we get
a 1
Lify(a, )] = = + ZLB(v(z, 1)) + Ny (=, 1)) = n(a, )] = 0. (3.4)

In view of Liao’s Homotopy Analysis Method [11,12], for 0 < ¢ < %,n > 1, the zero-order deformation
equation of the Laplace equation (3.4) has the form

(1 =nq)L:(3(2, 8 9) — y0(x, 1)) = hgH(z, ) T [y(x, t; )], (3.5)

where
Thi(a, )] = Ll 0] = & + 4 LIBO L, 0) + N, 0) (e, 1), (36)

where ¢ € [0, %] is the embedding parameter, H # 0 is the nonzero auxiliary function, i # 0 is an auxiliary

parameter. Thus, from eq.(3.5), when ¢ =0 and ¢ = %, we have

F(x,t;0) = yo(z,t) and 7 (az,t; :L) = y(z,t) (3.7)

respectively which explains the increment of ¢ from 0 to % That is, as g increases from 0 to %, the

solution varies from the initial guess vo(x,t) to the solution 7 (z,t). Expanding v(z,t;q) with respect to
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q with the aid of Taylor’s series expansion [13], we have
o0 .
Y, tiq) =0(z, ) + > vz, 1), (3.8)
j=1
where ,
1 95, t;q)
vi(z,t) = = ———~ . 3.9
J( ) ]' 8(]-7 =0 ( )
If vo(z,t), h and H are properly chosen, then (3.8) converges at ¢ = % and we have
Y, t) =0(z,t) + Y yi(x,t) (n) . (3.10)
m=1
Define the vector
A, t) = {2, 0)} - (3.11)

By differentiating equation (3.5) m times with respect to ¢ by using the Leibniz rule [15],
" (m
> <n> D"(1 —ng) D™ (3 (x, 5:q) — 0(z,5)) =
n=0

(1) <m> gD [wc, 9 =2+ LLABOEH) - N (1) - n(x,w}] (312)

n=0 n
setting ¢ = 0, h = —1, we have
D™3(x,539) = y0(@,8)] = mD™ [z, 5;9) — Y0(z, 8)] =

~Ha,mD"! [wc, ) = 2+ S LABO@0) - N 1) - n(sc,w}] (313

1

—, we have the mth-order deformation equation given by

and finally multiplying through by

(s 8)— Xt (2,5) = —H(z, 1) [vm_m, 8- (1—’3?) (j+;£m<m,t>) +;£t{6<w<x,t>>—ﬂm_1}]
(3.14)

which can still be written as

Lilym (2, 1) = Xgn¥m-1(2, )] = =HRm (Ym-1(2, 1)), (3.15)

where

Ron(Ginc1,8) = £ibima (0] = (44 ol 0) (1 22) 4 LLIBG0) + Hoa] (310)
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with H denoting the homotopy polynomial defined as

1 0™A(x,t;q - - ~
Hp= = ZU0EG) ) = Fotam + Pt (3.17)
m! oqm =0
and
. 0, ifm<1
Xm =
n, if m > 1.

Taking the inverse Laplace transform, that is £, Loof (3.15) we have

7m(x7 t) - X:n7m—1(x7 t) - ‘Ct_l[lH(xv t)Rm(:y'm—l(x7 t))] (3'18)

We have outlined the step-by-step procedure for qLHAM above and it is obeservable that when n = 1
from equations (3.5) to (3.18) the procedure reduces to the method described in [17,18]. Suppose there

exists a constant x, 0 < k < 1 such that

1 (@, D] < &llyvm (2, 2| (3.19)

for each value of m. If we truncate the series solution in eq. (3.18), the truncated series
% m
1
> vulent) (1)
n
m=0
is an approximate solution of y(z,¢) and the maximum absolute error can be derived by using

i+1

: 1\ K
(z,1) — m(@,1) | = < ———1ho(=,y,0)]l. (3.20)
o mz::o’y (n> || iy ey

For detailed proof of the convergence analysis and error analysis, interested reader can refer to [14—1(]

and some of their cited references.

4 Implementation

In this section, gqLHAM is applied to determine the exact solution of some special cases of (2.5).

Example 4.1. [3-10,15] Consider the following generalised Caputo time-fractional biological population

model
Dy (@, y,t) — Vi (@, y,t) — Yoy (@, y,t) = ny(2,9,t), 0 < a < 1,t >0, (4.1)

with the initial condition

V(2,9,0) = Vy. (4.2)
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Applying Laplace transform to both sides of (4.1) using (4.2), we have:

)~V Lr

- Voo (@, y,t) + vy (2,9, 1) + 1y (2,9, 1)] = 0, (4.3)

differentiating (4.3) m-times with respect to ¢

Y z,y, s

Z (:) Dn(l - nq)Dmin(:}/(xa Y, S; Q) - ’YO(wv Y, 8)) =
n=0
WM (z,y, 1)) <n> D"qD™ "[ (z,y,59) — @ - S%Et{ﬁx(x,y,t) + vy (2, Y, 1) +m(x,y,t)}]
n=0

setting ¢ = 0, h = —1 and H(zx,y,t) =1,
D™3(x,y, 5:9) —0(x,y,8)] = mD™ [3(z,y, 5:¢) — Y0(z, 9, )] =
—mD"™! [i(w,y, s1q) — @ - S%ﬁt{’)/:%x(xv%t) + 9y (2,4, ) + 0y (2, y,t)}] (4.5)
multiply through by %

1 - 1 -
2" @550l = g D A Do =

S

m—1 m—1
<Z YiVm—1— z Tx (L‘ ya + Z YiVm—1—i yy .CC ' Y ))] (46)
=0 1=0

- [(ml_l),v(m Y,8:q) — (m i D" 1(‘/71 + ;Zxﬁt(v(m,y,t))>

which implies

’Ym($, Y, 5) - X:(n’ym—l(xv Y, 8) =

S n
1 m—1 m—1
- sa»ct<Z(’Yz'Ym 1— z zT 35 Y, T + Z YiYm—1—i yy X y7t))] (47)
i=0 i=0
therefore,
Ym (2, y,5) =
. VTY om X
memfl(xayas) - [’le(l',y,S) - <8 + Sa‘ct(y’ml(xayat))) <1 - ,;;L)
1 m—1 m—1
— Wﬁt(z<”}/z’)/m 1— z xT 1‘ y, + Z YiYm—1—i yy x Y, ))] . (4-8)
1=0 1=0
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Inverse Laplace transform of (4.8) is the equation:

Vm(l'ayat) =

Xon Ym—1(2,y,t) — L -

M mates) = (Y L) ) (1-22)

1 m—1 m—1
_ L;l(Z('mm e (@9 ) + Y (Yivmo1—i)yy (@ y,t))] (4.9)
1=0

=0

where
. 0, if m<1
Xom = . . (4.10)
n, if m>1

Using eq. (4.9) and condition (4.10), we have the following iterations:

Yo(z,y,t) = /Ty = 70,

Nt /Ty Nt
t = — = _—
Y1(z,y,t) Mot~ °Tati)

242 212
t“% /Ty t
Yo(w,y,t) = oV g T
I'2a+1) I'2a+1)

343c 343
n°t>* /Ty n°t
="t V7 N7
73(2,9,1) F'3a+1) 701’(3&—{—1)’

which implies that,

Utaﬁ n2t2a\/@ 773t3a\/@
(@ 9,1) Z’Y’"my’ VIt R 1) T TRat+1) T TBa+ D)

nta 772t2a n3t3a (4'11)
= vay(1
xy( "Tat) Tat+l TBRatD)

= 2yEqy 1(nt?).

If we set @« =1 in eq. (4.11), we have:

772t2 3t3
_ iy i T 4.12

Using (2.8) and (2.4), (4.12) reduces to

772t2 7’]3t3

V(Y1) = ay (1 tutt S+ et > = /zye™. (4.13)
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Example 4.2. [1,0] Consider the following generalised Caputo time-fractional biological population

model
DYy (@, y,t) — Voo (@ y, t) — vy (@, y,t) =y ' (1—ay), 0<a < 1,¢ >0, (4.14)

subject to the initial condition

y(z,y,t) = \/lax? + %yQ +y+5. (4.15)

Laplace transform of both sides of (4.14) using (4.15) as expressed in (2.10) is given by:

a
na N

V(xvya s)_i 4 4

v +y+5— fﬁt [’ym(w Y, t) + vep(z oy t) + 0y (1 - av)] =0. (4.16)

The nonlinear operator is thus

. - 1 na o 1o
N[v(x,y,t;Q)}Z’V(w,y,s;q)—; R 24+ 4y +y+5
1] 5 o N
-k 2@,y t) + A2p(z, 9, t) + 07 1(1—a7)(x,y,t;q)]- (4.17)

For the m-th order deformation equation, we differentiate (4.17) m times wrt g. In the process, we set

q=0,h=—1and H(z,y,t) = 1. Finally multiplying by L —1,» we obtain:

Y (Z, Y5 8) — X Ym—1(T, Y, 5) =

- [’yml(w,y,s)— <i\/" 22 4 Ty +y+5+ Tyt 1(1—a'ym1)(m,y,t))>< _"’3)

4 4 n
1 m—1 m—1
- Saﬁt<2(')’17m 1— z zx l’ y, + Z YiYm—1—1 yy 1‘ » Y, )>] (4-18)
1=0 =0

Inverse Laplace transform of (4.18) gives the equation

Y (T, 4, ) — XopYm—1(x, Y, t) =

- [7m—1($?y7t)_£;1{<i ?74a +774y +y+5+ - ﬁt(’Ym (1= avm—-1)(z, vy, ))) <1_X:n>}

mn
1 m—1 m—1
- 'Ct_l{sa'ct<2(7f7m 1— z TT J,‘ Y, t + Z ’Yz’)/m 1—3 yy «73 yut)> }] (419)
=0 1=0
. 0, if m<1
X5 = . (4.20)
n, if m > 1.
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Using (4.19) and (4.20) we get the following iterations for m =0,1,2,3,...

o(z,y,t \/xz "2 4y + 5 =,

(eyt) = o

z,Y, = T 1\

TS T Tla+ 1o
_27]2t2a

) 7t - 77

2@y = 1, ¢ 1)
3773t3a

73(1'7 yvt) =

PBa+ 1)’

which implies that

nt*
(x,y,t Z Ym (2, y,t ’70+7

1 2 —nt 3 02t
o+ 1)+1"(2a+ 1) ( V2 >+F(30z+ 1) < V8 >+] (4.21)

and can be rewritten as

a X m _pa\ m—1

RLU—— ma+ 1)\ 7

When o = 1, (4.22) becomes

nt 1 —nt 2 t*3
—nt 1
—70+”— 1+ ”+"—4—+.. , (4.23)
Y0 w2
t t t
= + Ell( 7 ) —’yo—i-nea:p( d )
Yo 'Yo 70 ’YO
Example 4.3. [3-10] Consider the following generalised Caputo time-fractional biological population
model
D?"}’($,y,t) - 73%x($ayat) - ’ij(l‘,y,t) = 7(1‘7 Y, t)7 0<a < 1at > Oa (424)
subject to the initial condition
v(z,y,0) = /sinxsinhy. (4.25)
The Laplace transform of both sides of (4.24) and (4.25) as defined in (2.10) is the equation
1 ——— 1 2 2
7(‘7’.7:[/73) - g sma:smhy— Sjﬁt f)/:c:(}(xvy7t> +7:L‘J}(x7y7t> —|—’y(a:,y,t) =0 (426)
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with the m-th order deformation equation

Y (T, Y5 8) = Xon Ym—1(Z, Y, 5) =

['Ym 1T, Y, S < \/M—i— ﬁt ’Ym 1([1; Y, ))) (1_X”7>

n

1 m—1 m—1
- Saﬁt(Z(%’Ym 1— z xx QZ y7 + Z YiYm—1—i yy .%' 'Y, ))] (4'27)
=0

i=0
where already we have set ¢ = 0, i = —1 and H(x,y,t) = 1. Inverse Laplace transformof (4.27) is the

equation:

f}/m(xv Y, t) - X;knrym—l(xa Y, t) =

[%n 1@, y,t {( \/M+ —Li(Ym—1(2,y, ))>< _XE)}

n
1 m—1 m—1
- Ct_l{saﬁt<2(%7m 1— z xx $ y, + Z YiYm—1—i yy x 'Y )) }] (4'28)
=0 =0
. 0, if m<1
Xy, = . (4.29)
n, if m>1.

Using (4.28) and (4.29) for the first few terms of our solution, we obtain:

70($7y>t) = SiHIL‘Sinhy = Y0,
(07 ta
Ly, t) = \/sinzsinhy — ’
71 (2,y,t) = y/sinzsin YT = D)
t2a t2a
Y, t) = \/711 — ’
72(1‘ Y ) sin x sin yF(2a - 1) 70{‘(204 - 1)

t3a t3a

I _
(0 9:0) = VARSI Y e = 0 Ega

o tQOé t3a
Y,y t Z Y,y 1) = 0|1+ + + +
’ ’ Tla+1) T(QRa+1) TGa+1)
which can also be written as
Yz, y,t) =0 Z 7ma —t (4.30)
If, for a test case, we set @ =1 in (4.30), we obtaln:
> m
v(z,y,t Z . (4.31)
m=0
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Example 4.4. [3,1,6-10] Consider the following generalised Caputo time-fractional biological population

model
D?"y(:ﬂ,y,t) - ’Yazsx(xayat) - 75y($7y7t) = /Y(]- - a7)7 0<a < ]-7t > 07 (432)

subject to the initial condition

v(z,y,0) = exp [; \/g(x + y)} : (4.33)

Applying Laplace transform to both sides of (4.32) using (4.33), we have

%%%ﬂ—iwmﬁvgm+w]—;LJﬁA%%ﬂ+ﬁA%%ﬂ+vﬂ—aw@w¢1=0 (1.3)

with m-th order deformation equation

Y (Z, Y5 8) — X Ym—1(Z, Y, 5) =

—hmme—<}wB¢§wwﬂ+;@mmm—mmnw%m>Q—fﬁ

1 m—1 m—1
- Saﬁt(Z(%’Ym 1— z xx 37 y7 + Z YiYm—1—i yy .%' 'Y, ))] (4'35)
=0

i=0
with ¢, and H(z,y,t) set to 0, —1 and 1 respectively. Inverse Laplace transform of (4.35) is thus given
by

Y2, Y5 t) = X Ym—1(2, Y, t) =

_ [fyml(aj,y,t) - Ltl{ (ieﬂ:p[;\/g(iv - y)] + Siaﬁt(vmfl(l - cwml)(iv’yat))> <1 B xé;) }

m—1 m—1
_ 1
— Et l{saﬁt<2(%'}’m 1— z T x Y, t + Z YiYm—1—i yy l‘ y,t)) }] (4-36)
=0 =0
0, if m<1
Xm = : (4.37)
n, if m>1.

Using (4.36) and (4.37) for the first few terms of our solution, we obtain:
1 /a
Yo(z,y,t) = exp[z\@(x + y)] =0,

1 /a te te
71($,y,t)=ewp[2\f( +y)] TatD  PTa+D)’

1 a 2c t2a
t = — — =
Yo(z,y,t) eaﬁp[Q\/;(mﬂLy)] T2a+D)  "TRat1)
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( t)_e 1\/6( N ) t3o¢ B t30¢
WG =PI TN TEa+1) T PTBa+ 1)

ta t20¢ t3a
1
v(x,y,t Zﬁml‘y» 70[ +F(a+1)+r(2a+1)+F(3a+1)+ ]
e t?oc tga
1
v(x,y,t) va:cy, ’Y{ +F(a+1)+r(2a+1)+F(3a+1)+ ]
N o (4.38)
- Z I(ma+1)
m—0
For a =1, (4.38) becomes
0o 4m
oo o 4.39
7(537'!/7 ) 'YOmZ:OF(m_'_ 1) ( )

(4.39) can be reduced to the exact solution

Y(z,y,t) = 10 E11(t) = Y0€

— e[} o+ (1.40)
— eajp|:;\/g(l' +y) +t} ;

where Ej 1(t) is the Mittag-Leffler function, a prominent generalization of the exponential function. It is

generally defined as

E,5(t) = E -,
CY:B( ) prd F(O{k—{—ﬁ)
where a > 0 and 8 > 0. In some of our examples, we have @« = § = 1, which reduces to the exponential
function:
Ei1(t) = —_— = — =€
1a(t) EZHMJ) K ©
k=0 k=0

The Mittag-Leffler function appears in fractional calculus to model processes with memory and hereditary

properties — a major advantage of fractional calculus and its use [1,2].

5 Discussion of Results

As shown in the examples above, we have added to the list of methods applied to this particular biological

population model in the fractional order sense and by extension the integer order when o« = 1. Compared
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to other methods cited in the examples we are not concerned with other values of A thus have only solved
for the value of A = —1. Other methods from [3-10,15] outlined a procedure for the values of i which can
be used to plot the h-curve — see [15] for example. A very close method to the method we used in this
paper is the one described in the 2013 paper by [3] where they applied Homotopy Analysis Transform
Method (HATM), a combination of Laplace transformation and the Homotopy Analysis Method described
in [I1,12]. What distincts our work from theirs is our method applied a different approach allowed by
the value of ¢ which changes the course of solution and its rate of convergence. For HATM, ¢ € (0,1]
depending on the condition of the model while ¢ € (0, %] for qLHAM. Example 4.1 had already been
solved in [15] but we also show it here so that we compare the solution with those of others order than

the ones described in [15].

We displayed the graphs of all the problems with different fractional orders in this section. Graphing
the 2D, 3D, and contour plots of the provided problems using appropriate values. The dynamical

structures of the fractional biological population model were explained by these graphs:
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Figure 5.1: The absolute graph of Example 4.1 with n = 0.6, « = 0.2 and y = —1.3.
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Figure 5.2: The absolute graph of Example 4.2 with n = 1.3, « = 0.4 and 9 = 0.6.
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Figure 5.3: The absolute graph of Example 4.3 with n = 2.3, « = 0.6 and 9 = 3.1.
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Figure 5.4: The absolute graph of Example 4.4 with n = 0.5, « = 0.1 and vy = —1.3.
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