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Abstract

In this paper, we present a new subclass AD(A, Y, d, B) of analytic univalent functions in
the open unit disk U. We establish some interesting properties like, coefficient estimates,
closure theorems, extreme points, growth and distortion theorem and radius of

starlikeness and convexity.

1. Introduction and Preliminaries

Let A denote the class of analytic functions f defined on unit disk
U ={z0C :|z| =1} with normalization. Such a function has the form f(0) =0,

f'(0) =1 and
fR) =2+ a,", 20U (1.1)
n=2
and the convolution (Hadamard Product) (f Og) of f and g is defined by

(F 000 =2+ 3 anbe" = (5 0F) (),
n=2
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where g(z) =z + > b,z", z0OU.
n=2

Definition 1.1. A function f [J A is in the class AD(A, y, a, B) if it satisfies the
analytic criteria

" "

e (£ Og)” (2) + (A +v(2A = 1))2(f Og) (2) + 2 Og) () | _ aB
2

, (1.2)

[

WA (f Og) (2)+ (A =) z(f Og) () + (1 = A + ) (f Dg)(2)
where 0 S y<A<1,0<B<l,a0c/0}, zOU.

Many authors were studied another classes defined in U, like, Darus [1], Goodman
[2], Rosy [3] and, Sunil Varma and Rosy [4].

We study many interesting properties on our class as follows:
2. Coefficient Estimates

We now prove the coefficient estimates for function in the class AD(A, vy, a, B).

Theorem 2.1. A function f of the form (1.1) is in the class AD(\, Y, o, B) if and only

00

D l(n? = n)(Ay(2n - aB) + 2(A = y)) + 20 = aB((A = y) (n — 1) + D] a,b,

n=2
<apf-2, (2.1
where 0 Sy<A<1,0<B<1,a0cC/o}, zOU.

Proof. Assume that inequality (2.1) holds true and | z | = 1, then

AN (f Og) (2)+ (A + v\ - 1)22(f Og) () + 2(f Og) (2)|

—aBAY2(f Og) (2) + (= y)2(f Og) (2) + (1= A +y)(f Dg) ()]

(0]

=2 )\yZn(n -1)(n-2)a,b,z" + (A +y(2\ —1))Zn(n -1)a,b,z" +z+ Znanbnzn
n=2 n=2 n=2
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o)

-ap )\yz n(n - 1) anbnzn + Z()\ - y) + ()\ - y) Znanbnzn + Z(l —A+ y)
n=2 n=2

[e)

+ (1 -A+ y)Zanann
n=2

[e)

< 2)\y§: n(n =1)(n = 2)a,b, +2(\ + Y2\ =1)) Y n(n ~1)a,b, +2
n=2 n=2

+ ZZ na,b, — O(B)\yz n(n —1)a,b,
n=2 n=2

00 [e)

—aB(A ~v) = aB(A = V)Y nayb, —aB(l=A+y) - aBl =A +y) D a,b,

n=2 n=2

_ 2Ayn(n =1)(n=2) + 2\ + y(2A =1))n(n —1) + 2n
) nzz‘;{ = aPAyn(n = 1) = aB(A = y)n —aB(l-A +v) }a”b"
+2-aB(A -y) ~ B~ A +)

= S [0% = ) O(2n - aB) + 200~ ) + 20 - B~ Y)(n = 1) + Dah, +2 - aB
n=2

<0

by hypothesis and by maximum modulus principle, then f 00 AD(A, v, o, B).

Conversely: Let f 0 AD(A, y, o, B). Then

"

Mo (f Og) () + (A + Y(2A = 1)</ Dg) () +2(/ Og) () | _ @B
AN (F Og) () + (N -y)z(f Og) () + (1=A+y)(F Dg)(z) | 2

That is,
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Ayz n(n=1)(n-2)a,b,z" +(A +y(2\ - 1)) Zn(n -1)a,b,z" +z
n=2 n=2
+ Z na,b,z"
n=2 < G_B
[oe] [oe] 2
Ayz n(n —=1)a,b,z" +z(A=y)+(A -y) Znanbnzn +z(1-A +vy)
n=2 n=2
+ (1 —A+ Y)Zanbnzn
n=2
Since Re(z) < z| for all z, we have
)\yz n(n=1)(n =2)a,b,z" +(A +y(2\ - 1)) Zn(n -1)a,b,z" +z
n=2 n=2
+ Znanbnz"
Re - < 0_2[3.
)\yz Yapb,z" + z(N —y) + ()\—y)Znanbnzn +z(1-A+y)
n=2
+ (1 —A+ V)Zanbnzn
L n=2 i
Choosing z on real axis and allowing z — 1", we have
)\yz n(n =1)(n =2)a,b, + (A +y(2\ —1)) Z n(n =1)a,b, +1+ Znanbn
n=2 n=2 n=2
)\yz ab +()\ Y) ()‘_Y)znanbn+(1_)‘+Y)+(1_)‘+V)zanbn
n=2 n=2
<2
2
That is,
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00

YY) n(n =1)(n = 2)ayb, +2(A +y(2A = 1)) D" nln = 1)a b, +2+2> nab,
n=2 n=2 n=2

00

< ~aBAYY (= 1)ab, =GB = ¥) = OB =Y) Y naby, = B -2 +)

n=2 n=2

00

- GB(I -A+ V)Zanbn

n=2

= S [0% = n)O(2n - aB) + 200 = ) + 20 - GB(A = V) =1) + D,
n=2

<ap-2
which obviously is required assertion (2.1).
Finally, sharpness follows if we take

. ap-2 I 22)
((n= =n)(Ay(2n —ap)+2(A —y)) +2n —aB((A - y)(n —1)+1))b,

flz)=z+

Corollary 2.1. If f O AD(A, v, a, B), then

ap -2 ,
((n* = n) (Av(2n = aB) + 2(\ = v)) +2n = aB((A = ) (n = 1) + 1))b,
n=2,3 ... (23)

a, <

The equality in (2.3) is attained for the function f(z) given by (2.2).

3. Closure Theorems

Theorem 3.1. The class AD()\, Yy, a, B) is convex.

Proof. Let f}, f, be two functions in AD(A, vy, a, B). Then

(o)
AlR) =2+ ) a,,"
n=2
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(o)
H) =2+ a, 7"
n=2

Define g(z) = Cfi(z) + (1 - C)f,(z), 0 < C <1, then

g(z) =2+ Y [Cayy + (1= C)ay )"
n=2

Now:

00

D [(n? =n)(Ay(2n ~aB) +2(A = y)) +2n = aB((A =) (n =1) +1)][Ca,,  + (1~ C)a, 1 ]b,
n=2

00

=€) [(n* = n)(Ay(2n = aB) + 2(A = y)) + 21 — aB((A = ) (n = 1) + D]a, 1B,
n=2

+(1=0) X [ = n) (Av(2n = aB) + 2(A = y)) + 2n = aB((A = y) (n = 1) + D]ay, 2b,
n=2
<C(ap-2)+(1-C)(aB -2) (since f;, f» OAD(A, Y, a, B))
SCaB-C2+aB-2-CaB+C2
<af-2

= g JAD(A, y, a, B).
4. Extreme Points

Theorem 4.1. Let fi(z) = z and let

GB_Z n

fu(2) =2+ (% = n) (w(2n - aB) + 20 = y)) + 21— aB((A = y) (1 = 1) + )b,

n=273 ...

Then f O AD(M, Y, , B) if and only if f can be expressed in the
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£@) =) Catula), “.1)
n=1

where C,, 2 0 and ZC,, =1.

n=l1

Proof. Suppose f can be expressed in the form (4.1), then

0= )
n=1

:ﬁicnz+ 5 ap-2 7"
el (n= =n)(Ay(2n —ap)+2(A —y)) + 2n—aB((A —y)(n = 1) +1))b,
=Z+icn GB_Z Zn.

= (0 -n)(Av(2n-ap)+2(A - y) +2n = aB((A - V) (n 1) +1)b,

[e)

D [ = n) (\y(2n = aB) + 2( = y)) + 21 = aB((X = y) (n = 1) + 1)]b,

n=2
c ap -2
(2 = ) (\(2n = aB) + 2(A = y)) + 21 = aB((A = y) (n = 1) + 1)),

= ch((XB - 2)
n=2

[e)

= (GB - 2) ch
n=2
=aB-2(1-¢)

<af -2 (since (1-Cy)<1)

which implies £ O AD(M, y, , B).
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Conversely: Suppose that f 0 AD(A, vy, , B), then by Corollary 1.1

a, < ap -2 n=273 ...
((n* = n) (Ay(2n = aB) + 2(A = y)) + 2n = aB((A = y) (n = 1) + 1))b,
Setting
0 = ap-2 n=273, ..

((n® = n) (A\v(2n = aB) +2(\ = )) + 22 = aB((A = Y) (n = 1) + )b,

and C; =1- > C,.
n=2

We notice that f(z) = i C, fn(2)
n=1

Hence the result.

5. Radius of Starlikeness and Convexity

In this section we derive the radii results for functions in the class AD(A, vy, o, B) to

be starlike or convex of order p.

Theorem 5.1. If f O AD(M, Y, a, B), then fis univalent starlike function of order p,
0< p<linthedisk|z| <R, where

1
(1= P)((2 = n) v(2n - @) + 20 -y) |1
R = inf +2n =~ aB((A ~y)(n —1) +1))b,)
n (n-p)(ap-2) ’

n=23 ...

Proof. It is sufficient to show that

#'(2)

f(z)

I|<1-

http://www.earthlinepublishers.com
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Thus

#'(z) - f(z)
f(z)

0.
f(z)

[e) [e)

— n=2 n=2

The last expression must bounded by 1 — p if

[e) (0]

Znanl "7 - Zanl 2"
n=2 — n=2 <1- p
1- Zanl 2"
n=2
w
Z(n - p)a,| 2"
n=2 = <1.

Hence by Corollary 1.1, then the last inequality will be true if

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 87-99
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(2% = n) (2~ aB) + 21 - y))
(1=0)) 1 +2n = aB((\ ~y)(n - 1) + )b,

1-p aB -2

1
(1= ) ((* = n) OW(2n - aB) + 201 - y) |1
+ 20 - aB((A - y) (n 1) + 1)b,)
(= p)(aB - 2)

|z| <

Let |z | = R. That is, the radius of starlikeness of order p for functions in the class

AD(A, y, a, B).

Theorem 5.2. If f O AD(A, Y, , B), then f is univalent convex function of order p,
0 < p <1inthedisk | z| <R, where

1
(1= p)(n® - 1) Oy — aB) + 201~ y)) |1
+ 20— aB((h ~y)(n - 1) + 1))b,)

R = inf , n=2,3
n n(n = p)(aB -2)
Proof. It is sufficient to show that
G PR
f'(z)
thus
Zn(n ~1)a,z"! Z n(n =1)a,| z|"!
Zf (Z) — | n=2 < n=2
f'(z) @ o © _
1+Znanz" ! I—Znan|z|n !
n=2 n=2

The last expression must bounded by 1 — p

http://www.earthlinepublishers.com
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D nln=1ay| ="

n=2

<1-p,

[oe]

1= Znan| Z |n_1

n=2

[e)

> n(n - p)a,| ="
n=2 < 1
l-p

Hence by Corollary 1.1, then the last inequality will be true if

((n* = n) (Av(2n - aB) +2(x - y))
nn=p)| et +2n = aB(A ~V)(n = 1) + )b,

1-p apB -2

1
(1= ) (2 - ) V(2 - aB) + 201 —y)) [o-i
+2n—oB((A -y)(n-1) +1))b,)
n(n - p)(ap -2)

HE

Let |z|=R. That is, the radius of convexity of order p for functions in the class

AD(A, y, a, B).
6. Growth and Distortion Theorem

Theorem 6.1. If the function f 0 AD(A, Y, , B), then

2 op ~ 2 2
20 = o) + 200 - )+ 4~ B ) + b
<1 ()]
<| 2|+ (aB-2) | 2|2

[2(Ay(4 — aB) +2(A —y)) + 4 — aB((A —y) + 1)]by

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 87-99
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The result is sharp for

ap -2 22
&)= 2 G —aB) 20— y) 4GB )+ b~

Proof. We have

n=2
Then
[ FE) <] z]+ Y au z]"
n=2
<|z|+[z*) a
n=2
apB-2
<|zf+|zf . (6.1)
[2(\v(4 - oB) + 2(A —y)) + 4 = aB((A - y) + 1)),
Similarly
[ F@)2]2] =D anlz|"
n=2
2| z|=]z[*) a
n=2
a -2
>| 2|2 b= (62)

 EvE—ap T 20—y AR =)+ 1

Combining (6.1) and (6.2) we get

[2((4 - ap) + 21 - V))+4 oap((h - y)+ Dby
<[ f(2)]
<| 2|+ (aB -2) 1z~

[2(Ay(4 ~ aB) + 2(A ~y)) + 4~ aB((A - y) + 1)]b,

http://www.earthlinepublishers.com
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Theorem 6.2. If the function f 0 AD(A, Y, a, B), then

1- Z(GB B 2) | Zl
[2(Av(4 - aB) + 2(A - ) + 4 = aB((A - y) + 1)] b
<[/'(2)]
<1+ Z(GB ~ 2) | Zl
2y -ap) 2 -y) +4-aB(A -y) + 1)l
The result is sharp for
fle)=z+ ah -2 ?

.
[2(\y(4 - aB) + 2(A = y)) + 4 —aB((A - y) + 1)]b,
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