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Abstract 

In this paper, we present a new subclass ( )βαγλ ,,,AD  of analytic univalent functions in 

the open unit disk U. We establish some interesting properties like, coefficient estimates, 

closure theorems, extreme points, growth and distortion theorem and radius of 

starlikeness and convexity. 

1. Introduction and Preliminaries 

Let A denote the class of analytic functions f defined on unit disk 

{ }1=∈= zCzU :  with normalization. Such a function has the form ,0)0( =f  

1)0( =′f  and 

 ( ) ∑
∞

=
∈+=

2

,

n

n
n Uzzazzf   (1.1) 

and the convolution (Hadamard Product) ( )gf ∗  of  f  and g is defined by 

( ) ( ) ( ) ( )∑
∞

=
∗=+=∗

2

,

n

n
nn xfgzbazzgf  
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where ( ) ∑
∞

=
∈+=

2

.,

n

n
n Uzzbzzg  

Definition 1.1. A function Af ∈  is in the class ( )βαγλ ,,,AD  if it satisfies the 

analytic criteria 

 
( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

,
21

12

2

23 αβ<
∗γ+λ−+′∗γ−λ+″∗λγ

′∗+″∗−λγ+λ+′″∗λγ

zgfzgfzzgfz

zgfzzgfzzgfz
 (1.2) 

where { } .,0,10,10 UzC ∈∈α≤β≤≤λ≤γ≤   

Many authors were studied another classes defined in U, like, Darus [1], Goodman 

[2], Rosy [3] and, Sunil Varma and Rosy [4]. 

We study many interesting properties on our class as follows: 

2. Coefficient Estimates 

We now prove the coefficient estimates for function in the class ( ).,,, βαγλAD  

Theorem 2.1. A function f of the form (1.1) is in the class ( )βαγλ ,,,AD  if and only 

if  

[( ) ( ) ( )( ) ( ) ( )( )]∑
∞

=
+−γ−λαβ−+γ−λ+αβ−λγ−

2

2 11222

n

nnbannnnn  

,2−αβ≤   (2.1) 

where { } .,0,10,10 UzC ∈∈α≤β≤≤λ≤γ≤  

Proof. Assume that inequality (2.1) holds true and ,1=z  then 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )zgfzzgfzzgfz
′∗+″∗−λγ+λ+′″∗λγ 23 122  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )zgfzgfzzgfz ∗γ+λ−+′∗γ−λ+″∗λγαβ− 12  

( )( ) ( )( ) ( ) ∑∑ ∑
∞

=

∞

=

∞

=
++−−λγ+λ+−−λγ=

22 2

112212

n

n
nn

n n

n
nn

n
nn zbnazzbannzbannn  
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( ) ( ) ( ) ( )∑ ∑
∞

=

∞
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γ+λ−+γ−λ+γ−λ+−λγαβ−

2 2

11

n n

n
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n
nn zzbnazzbann  

( )∑
∞

=
γ+λ−+

2

1

n

n
nn zba  

( ) ( ) ( )( ) ( )∑ ∑
∞

=

∞

=
+−−λγ+λ+−−λγ≤

2 2

21122212

n n

nnnn bannbannn  

( )∑ ∑
∞

=

∞

=
−αβλγ−+

2 2

12

n n

nnnn bannbna  

( ) ( ) ( ) ( )∑∑
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=

∞

=
γ+λ−αβ−γ+λ−αβ−γ−λαβ−γ−λαβ−

22

11

n

nn

n
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( ) ( ) ( )( ) ( )
( ) ( ) ( ) nn

n

ba
nnn

nnnnnn
∑
∞

=









γ+λ−αβ−γ−λαβ−−αβλγ−
+−−λγ+λ+−−λγ

=
2

11

21122212
 

( ) ( )γ+λ−αβ−γ−λαβ−+ 12  

[( ) ( ) ( )( ) ( ) ( )( )] αβ−++−γ−λαβ−+γ−λ+αβ−λγ−= ∑
∞

=
211222

2

2

n

nnbannnnn  

0≤  

by hypothesis and by maximum modulus principle, then ( ).,,, βαγλ∈ ADf  

Conversely: Let ( ).,,, βαγλ∈ ADf  Then 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

.
21

12

2

23 αβ<
∗γ+λ−+′∗γ−λ+″∗λγ

′∗+″∗−λγ+λ+′″∗λγ

zgfzgfzzgfz

zgfzzgfzzgfz
 

That is, 
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Since ( ) zz ≤Re  for all z, we have 

( ) ( ) ( )( ) ( )
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Choosing z on real axis and allowing ,1−→z  we have 

( ) ( ) ( )( ) ( )
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2

αβ≤  

That is, 
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( ) ( ) ( )( ) ( )∑ ∑ ∑
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( ) ( ) ( ) ( )∑ ∑
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=

∞

=
γ+λ−αβ−γ−λαβ−γ−λαβ−−αβλγ−≤

2 2

11

n n

nnnn bnabann  

( )∑
∞

=
γ+λ−αβ−

2

1

n

nnba  

[( ) ( ) ( )( ) ( ) ( )( )]∑
∞

=
+−γ−λαβ−+γ−λ+αβ−λγ−=

2

2 11222

n

nnbannnnn  

2−αβ≤  

which obviously is required assertion (2.1). 

Finally, sharpness follows if we take 

( )
(( ) ( ) ( )( ) ( )( )( ))

.
11222

2

2

n

n

z
bnnnnn

zzf
+−γ−λαβ−+γ−λ+αβ−λγ−

−αβ+=      (2.2) 

Corollary 2.1. If ( ),,,, βαγλ∈ ADf  then 

(( ) ( ) ( )( ) ( ) ( )( ))
,

11222

2

2
n

n
bnnnnn

a
+−γ−λαβ−+γ−λ+αβ−λγ−

−αβ≤  

....,3,2=n      (2.3) 

The equality in (2.3) is attained for the function ( )zf  given by (2.2). 

3. Closure Theorems 

Theorem 3.1. The class ( )βαγλ ,,,AD  is convex. 

Proof. Let 21, ff  be two functions in ( ).,,, βαγλAD  Then 

( ) ∑
∞

=
+=

2

1,1

n

n
n zazzf  
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( ) ∑
∞

=
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2

2,2 .
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n zazzf  

Define ( ) ( ) ( ) ( ) ,10,1 21 ≤≤−+= CzfCzCfzg  then 

( ) [ ( ) ] .1

2

2,1,∑
∞

=
−++=

n

n
nn zaCCazzg  

Now: 

[( ) ( ) ( )( ) ( )( )( )][ ( ) ] nnn

n

baCCannnnn 2,1,

2

2 111222 −++−γ−λαβ−+γ−λ+αβ−λγ−∑
∞

=
 

[( ) ( ) ( )( ) ( ) ( )( )]∑
∞

=
+−γ−λαβ−+γ−λ+αβ−λγ−=

2

1,
2 11222

n

nn bannnnnC  

( ) [( ) ( ) ( )( ) ( ) ( )( )]∑
∞

=
+−γ−λαβ−+γ−λ+αβ−λγ−−+

2

2,
2 112221

n

nn bannnnnC  

( ) ( ) ( )212 −αβ−+−αβ≤ CC  (since ( )),,,, 21 βαγλ∈ ADff  

222 CCCC +αβ−−αβ+−αβ≤  

2−αβ≤  

( ).,,, βαγλ∈⇒ ADg  

4. Extreme Points 

Theorem 4.1. Let ( ) zzf =1  and let 

( )
(( ) ( ) ( )( ) ( ) ( )( ))

n

n

n z
bnnnnn

zzf
11222

2

2 +−γ−λαβ−+γ−λ+αβ−λγ−
−αβ+=  

....,3,2=n  

Then ( )βαγλ∈ ,,,ADf  if and only if f can be expressed in the 



A Certain Subclass of Analytic and Univalent Functions … 

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 87-99 

93 

 ( ) ( )∑
∞

=
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,
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nn zfCzf  (4.1) 

where 0≥nC  and ∑
∞

=
=

1

.1

n

nC  

Proof. Suppose f can be expressed in the form (4.1), then 
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1n
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Now 

[( ) ( ) ( )( ) ( ) ( )( )]∑
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2

2 11222
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C
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( )∑
∞

=
−αβ=

2

2

n

nC  

( )2−αβ= ∑
∞

=2n

nC  

( )112 C−−αβ=  

2−αβ≤   (since ( ) 11 1 ≤− C ) 

which implies ( ).,,, βαγλ∈ ADf  
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Conversely: Suppose that ( ),,,, βαγλ∈ ADf  then by Corollary 1.1 

(( ) ( ) ( )( ) ( ) ( )( ))
....,3,2

11222

2

2
=

+−γ−λαβ−+γ−λ+αβ−λγ−
−αβ≤ n

bnnnnn
a

n

n  

Setting 

(( ) ( ) ( )( ) ( ) ( )( ))
....,3,2

11222

2

2
=

+−γ−λαβ−+γ−λ+αβ−λγ−
−αβ= n

bnnnnn
C

n

n  

and ∑
∞

=
−=

2
1 .1

n

nCC  

We notice that ( ) ( )∑
∞

=
=

1

.

n

nn zfCzf  

Hence the result. 

5. Radius of Starlikeness and Convexity 

In this section we derive the radii results for functions in the class ( )βαγλ ,,,AD  to 

be starlike or convex of order p. 

Theorem 5.1. If ( ),,,, βαγλ∈ ADf  then f is univalent starlike function of order p, 

10 ≤≤ p  in the disk ,Rz <  where 

( ) ((( ) ( ) ( )( )
( ) ( )( )) )

( ) ( )

1

1
2

2

112

221

inf

−





















−αβ−
+−γ−λαβ−+

γ−λ+αβ−λγ−−

=

n

n

n pn

bnn

nnnp

R ,   ....,3,2=n  

Proof. It is sufficient to show that 

( )
( )

.11 p
zf

zfz −≤−
′
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Thus 

   
( )
( )

( ) ( )
( )zf

zfzfz

zf

zfz −′
=−

′
1  

∑

∑∑
∞

=

∞

=

∞

=

+

−−+

=

2

22

n
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n
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n
n

n

n
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∞
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∞
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−
∞
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=

2

1

2

1

2

1

1
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n
n
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n
n

n
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1

2

1

2 2
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−

∞

=

∞
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The last expression must bounded by p−1  if 

p
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n
n

n n
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( )
.1

1
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Hence by Corollary 1.1, then the last inequality will be true if 
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( )
(( ) ( ) ( )( )
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




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
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
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


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n

n

pn

bnn

nnnp

z  

Let .Rz =  That is, the radius of starlikeness of order p for functions in the class 

( ).,,, βαγλAD  

Theorem 5.2. If ( ),,,, βαγλ∈ ADf  then f is univalent convex function of order p, 

10 ≤≤ p  in the disk ,Rz <  where 
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The last expression must bounded by p−1  
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Hence by Corollary 1.1, then the last inequality will be true if 
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Let  .Rz =  That is, the radius of convexity of order p for functions in the class 

( ).,,, βαγλAD  

6. Growth and Distortion Theorem 

Theorem 6.1. If the function ( ),,,, βαγλ∈ ADf  then 
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[ ( ( ) ( )) ( )( )]

2

214242

2
z

b
z

+γ−λαβ−+γ−λ+αβ−λγ
−αβ−  

( )zf≤  

( )
[ ( ( ) ( )) ( )( )]

.
14242

2 2

2

z
b

z
+γ−λαβ−+γ−λ+αβ−λγ

−αβ+≤  



Dhirgam Allawy Hussein and Sahar Jaafar Mahmood  

http://www.earthlinepublishers.com 

98 

The result is sharp for 
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Combining (6.1) and (6.2) we get 
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Theorem 6.2. If the function ( ),,,, βαγλ∈ ADf  then 
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The result is sharp for 
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